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Abstract. We apply the invariant theory of surfaces in the four-dimensional Euclidean space to 
the class of general rotational surfaces with meridians lying in two-dimensional planes. We find 
all minimal super-conformal surfaces of this class. 



1. Introduction 

An invariant theory of surfaces in the four- dimensional Euchdean space M.^ was developed in [5] 
and [7] on the base of the Weingarten map similarly to the classical theory of surfaces in M^. 

Let be a surface in with tangent space TpM"^ at any point p G M^. In [5] we introduced 
an invariant linear map 7 of Weingarten- type at any TpM"^, which plays a similar role in the theory 
of surfaces in as the Weingarten map in the theory of surfaces in M^. This map 7 generates 
two invariant functions k and x, analogous to the Gauss curvature and the mean curvature in 
M^. The sign of /c is a geometric invariant and the sign of x is invariant under the motions in 
M^. However, the sign of x changes under symmetries with respect to a hyperplane in M^. The 
invariant x is the curvature of the normal connection of the surface in W^. 

As in the classical case, the invariants k and x divide the points of into four types: flat, 
elliptic, parabolic and hyperbolic. The surfaces consisting of fiat points satisfy the conditions 
k = 0, X = 0. These surfaces are either planar surfaces (M^ lies in a hyperplane in M^) or 
developable ruled surfaces in M"^ [5]. 

The map 7 generates the second fundamental form at any point p G M^. The first fundamental 
form and the second fundamental form generate principal tangents and principal lines, as in M^. 
Using the principal tangents, we obtained a geometrically determined moving frame field at each 
point p G M^. Writing derivative formulas of Frenet-type for this frame field, we found eight 
invariant functions. In [7j we proved a fundamental theorem of Bonnet-type for surfaces without 
minimal points, stating that these eight invariants determine the surface up to a motion. 

The minimal surfaces in are characterized by the equality — k = 0. We proved in [6] 
that on any minimal surface the Gauss curvature K and the normal curvature x satisfy the 
following inequality — x^ > 0. This inequality generates two geometric classes of minimal 
surfaces: 

• the class of minimal super-conformal surfaces characterized by — x^ = 0; 

• the class of minimal surfaces of general type characterized by — x^ > 0. 

The class of minimal super-conformal surfaces in is locally equivalent to the class of holo- 
morphic curves in = [1]. 

A fundamental theorem of Bonnet-type for strongly regular minimal surfaces of general type 
was proved in [B] in terms of four invariant functions. 

In the present paper we apply the invariant theory of surfaces on a special class of surfaces in 
M^, which are general rotational surfaces in the sense of C. Moore. 
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2. Preliminaries 



Let 



z{u,v), {u,v) G (P C M^) be a surface in with tangent space TpM"^ 



span{z„, z^} at an arbitrary point p G M^. We choose an orthonormal normal frame field {ei, 62} 
of so that the quadruple {zu, Zy, ei, 62} is positive oriented in M^. Then the following derivative 
formulas hold: 

W ^^Zy = = r-|^2 ^12 ^1 "I" '^12 ^2) 

~ ^''i' ~ ■'^22 ~\~ 1^22 ~l~ '^22 ^1 ~l~ '^22 ^2; 

where T^j are the Christoffel's symbols and c^^, j, k = 1,2 are functions on M^. 

Let g be the standard metric in and V its flat Levi-Civita connection. We use the standard 
denotations E = g{zu, Zy), F = g{zu, z^), G = g{zy, z^) for the coefficients of the first fundamental 
form and set W = \/EG — F"^. Denoting by a the second fundamental tensor of M^, we have 

ch ei + 62, 



(T ^ Zy , Zy ) 



0^2 ei +C?2 62, 



Ci2 62- 



C22 Ci 



The three pairs of normal vectors {a{zu, Zy),a{zu, Zy)}, {a{zu, Zu),a{zy, Zy)}, {a{zu, Zy),a{zy, Zy)} 
form three parallelograms with oriented areas 



Ai 



-11 



-12 



A. 



-11 



-11 



-22 



-22 



A. 



-11 "-12 

respectively. These oriented areas determine three functions 

2Ai A2 2A3 



-12 



-12 



-22 



-22 



M 



W ' W W ' 

which change in the same way as the coefficients E, F, G under any change of the parameters 
{u,v). 

Using the functions L, M, and E, F, G we introduce the linear map 7 in the tangent space 
at any point of 

7 : TpM^ TpM^ 

similarly to the theory of surfaces in M.^. 

The linear map 7 of Weingarten-type is invariant with respect to changes of parameters on 
as well as to motions in M^. Thus the functions 

LN - EN + GL- 2FM 



k 



EG-F^' " 2{EG - F2) 

are invariants of the surface M^. 

The map 7 determines a second fundamental form of the surface as follows. Let X = aZy + 
Pzy, {a, (3) 7^ (0, 0) be a tangent vector at a point p G M^. The second fundamental form of 
at p is defined by 

//(a, (3) = -g{j{X),X) = La^ + 2MaP + A^^^ a, /3 G M. 

The notions of a normal curvature of a tangent, conjugate and asymptotic tangents are introduced 
in the standard way by means of //. The asymptotic tangents are characterized by zero normal 
curvature. 

A tangent g : X = azy + [izy is said to be principal if it is perpendicular to its conjugate. A 
line c : u = u{q), v = v{q)] g G J C M on is said to be a principal line if its tangent at any 
point is principal. The surface is parameterized with respect to the principal lines if and only 
ifF = 0, M = 0. 
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Let be parameterized with respect to the principal hnes and denote the unit vector fields 

z z 

X = -^=1 y = —?=■ The equality M = implies that the normal vector fields a{x,x) and o-{y,y) 

y E V G 



are coUinear. We denote by 6 a unit normal vector field collinear with (t(x, x) and a{y, y), and by 
/ the unit normal vector field such that {x, y, b, 1} is a positive oriented orthonormal frame field of 
M^. Thus we obtain a geometrically determined orthonormal frame field {x, y, b, 1} at each point 
p G M^. With respect to the frame field {x, y, b, 1} we have the following Frenet-type formulas: 



(2.1) 



V^x = jiy + uib; VJ) = -vi x - Xy + Pil; 

^'xy = -ii^ +xb+fii] V'yb = -\x-v2y +02 1; 

VyX = -72 y + \b + ijI; ^'J = -fxy - /3ib; 

^'yy = I2X +i^2b; Vyl = -lix - (32 b, 



where 71, 72, 1^1, 1^2, A, /i, (32 are geometric invariant functions. 

The invariants k, x, and the Gauss curvature K are expressed by the functions ui, 1/2, A, /i as 
follows: 

(2.2) k = -4z/lZ/2/i^ X = (z/i - 1^2)/^, K = V1V2 - (A^ + /i^). 



3. General rotational surfaces 

Considering general rotations in M"^, C. Moore introduced general rotational surfaces [8] (see 
also [11 [To]) as follows. Let c : x{u) = {x^{u),x'^{u),x^{u),x'^{u)) ; m G J C M be a smooth curve 
in M'^, and a, (3 are constants. A general rotation of the meridian curve c in is given by 

X{u,v) = {X\u,v),X\u,v),X'^{u,v),X\u,v)) , 

where 

X^{u, v) = x^{u) cosav — x'^{u) sinau; X^{u, v) = x^{u) cos (3v — x^{u) sin f3v; 

X'^{u, v) = x^{u) sinav + x'^{u) cosa^;; ^"^{u, v) = x^{u) sin (3v + x^(it) cos/??;. 

In the case /? = the X'^X'^-plane is fixed and one gets the classical rotation about a fixed 
two-dimensional axis. 

We consider a surface in M^, defined by the vector- valued function 

(3.1) z{u,v) = {f{u) cosav, f{u) sinav, g{u) cos f3v, g{u) sin f3v) ; w G J C M, v^[0;2tt), 

where f{u) and g{u) are smooth functions, satisfying a^p{u) + j3'^g'^{u) > 0, f^iu) + g''^{u) > 0, 
u E J, and a, (5 are positive constants. The surface M.^, given by (3.1) is a general rotational 
surface whose meridians lie in two-dimensional planes. In our case the meridian is given by 
m : x{u) = {f{u),0, g{u),0) ; u e J CR. 

Each parametric curve u = uq = const of A^^ is given by 

: z{v) = {a cos av, a sin av,b cos f3v,b sin f3v) ; a = /(%), b = g^uo) 

and its Frenet curvatures are 



a^a^ + b^(3\ _ aba0{a^-(5^) _ _ a(5^Ja?a^ + 62/32 



>fr.., = \ ^T-^ 7ir^\ Tr.. = = =; CT, 



a2a2 + &2^2' ^a^a^ + b^|3^^Ja^a^ + b^0^' ^^M + W^ 

Hence, in case of a 7^ /3 each parametric ?;-line is a curve in with constant curvatures (helix in 
0), and in case oi a = (3 each parametric f-line is a circle. We shall consider the case a ^ fi. 
Each parametric curve v = Vq = const of A^^ jg given by 

Cu ■ z{u) = {AJ{u),A2f{u),Big{u),B2g{u)), 



= — T-c„ = 0. 
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where Ai = cosavo, A2 = sina^o, -Bi = cos l3vo, B2 = sin/3t'o. The Frenet curvatures of c„ are 
expressed as follows: 

Wf" - fg" 

Obviously, c„ is a plane curve with curvature = — So, for each v = const the 

parametric curves c„ are congruent in M^. These curves are the meridians of A^^. We shall call 
the surface, defined by (3.1) in the case a 7^ /3, a general rotational surface. 

Calculating the tangent vector fields and we find the coefficients of the first fundamental 
form: E = f '^{u) + g' '^{u); F = 0; G = p{u) + I3'^g'^{u). We consider the following orthonormal 
tangent frame field 

X = = (/' cos av, f sin av, g' cos (5v, g' sin /3t;); 

y = — ^^^^^^= (—a/ sin aw, af cos av, —(igsin (5v, fig cos I3v); 

and the following orthonormal normal frame field 

n\ = — = ((7' cos at;, sin at;, —f cos(3v, —f' sin (3v); 

n2 = — {—/3gsmav, /3g cos av, af sin /3v, —af cos (5v). 

^ya^f^ + (3^g^ 

It is easy to verify that {x, y, ui, 712} is a positive oriented orthonormal frame field in M^. 

Finding the second partial derivatives Zuu^ Zuv, -z™, we calculate the functions c^j, i,j,k = 1,2: 

1 / \ 9 f f 9 2 I \ n 

(3 2) ^12 = 9{zuv, ni) = 0; c^2 = 9{Zuv, ^^2) = ^=====; 

^ ' ^ V'^ f +P 9^ 

1 _ . ^ _ P'^gf - a^fg' 2 _ / N _ n 

'^22 ~ 9\Zvv^ TT-i) — ■====-, C22 — gyZvv, ^2) — u. 

Vf +9 

Therefore the coefficients L, M and of the second fundamental form of Ai^ are expressed as 
follows: 

_ 2aP{gf'-fg'){g'f"-rg") -la^igf - fg'){f3'gf' - a'fg') 



(a2/^ + /?V)(/'' + f7'') ' ' {a'P + f3'g'){f'' + g'') ' 

Consequently, the invariants k, k and K of A^^ are: 

_ -4a^/3^(^/- - /(70^((77^^ - rg"Wgr - c^fg') 

(a2J2 + ^2^2)3(^/2 + ^/2)3 

_ ^a2p + /?V)(/32^j/ _ a^fg')(gj" - fg") - a^(3\f" + g'^){gf - fg'f 

(a'f2 + (3^g2)2^f2 + g>2)2 

In [7] we found all general rotational surfaces consisting of parabolic points, i.e. k = 0. 
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Now we shall apply the invariant theory of surfaces in finding the geometric invariant func- 
tions 7i, 72, ^^1, 1^2) A, /u, /32 in the Frenet-type formulas of A^^. 

The positive oriented orthonormal frame field {x, y, rii, 77-2} defined above is the geometric frame 
field of A4^, the ti-lines and v-lines of Ai^ are principal lines. 

Let a be the second fundamental tensor of Ai^. Using (3.2) we obtain 

a{x,x) = 3 ni, 

, . o^Pigf - fg') 

a[x,y) = — = 77-2; 

/P+7^(«V^ + /3V) 

, , f3'gf' - a'fg' 
a{y,y) = — = rzi. 

The partial derivatives of the normal vector field ni are: 

fg" _ g' f" 

{ni)u = 3 (/' cos av^ f sin av, g' cos /3v, g' sin (3v)] 



Vf' + g"} 



{ni)v = — = {—ag' sin av, ag' cos av, /3f' sin I3v, —j3f' cos j3v) 

vf'^ + g'^ 

The last equalities imply 

«/3(//' + gg') 



{{ni)u,'n2) = 0; ((ni)„,n2) 



Vf' + g'W^^'P + f^'g' 

So, the invariants in the Frenet-type derivative formulas (2.1) for the surface Ai^ are given by 

g'f" - fg" 



71 = 0; 1^1 



3 J 



(/'2+^/2), 

a'ff' + P'gg' P^gf'-a^fg' 



'Vo = ■ fo 

(3.3) /F+7^(«^/2 + /3V)' /P+7^(«V' + /5V) ' 

A = 0; /3i = 0; 

c^Pjgf - fg') . «/3(//' + gg') 

A* — — ; = ; P2 



V/' 2+ ^'2(^2/2 + ^2^2)' V/'2 + (7'V«V^ + /^V 

Thus we obtain that for the class of general rotational surfaces only five invariants from the 
general theory are essential (they may not be zero). These five invariant functions determine the 
general rotational surfaces up to a motion in M^. 

4. Minimal super- conformal general rotational surfaces 
In this section we shall find all minimal super-conformal general rotational surfaces. 

Let us recall that the ellipse of normal curvature at a point p of a surface in Mf^ is the ellipse 
in the normal space at the point p given by {a{x,x) : x G TpM"^, g{x,x) = 1} [9l[T0]. Let {x,y} 
be an orthonormal base of the tangent space TpM'^ at p. Then, for any v = cosi/jx + sini/jy, we 
have 

a(x,x) —a(y,y) 
a{v, V) = H + cos zip h sm zip a{x, y), 

(t(x, x) ~[" ciy, y) 

where H = ^ ^ — is the mean curvature vector of at p. So, when v goes once 

around the unit tangent circle, the vector a{v, v) goes twice around the ellipse centered at H. 
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Obviously, is minimal if and only if for each point p G the ellipse of curvature is centered 
at p. 

A surface in is called super- conformal [T] if at any point of the ellipse of normal 
curvature is a circle. An explicit construction of any simply connected super-conformal surface in 
M.* that is free of minimal and flat points was given in |3]. 

In [6] it was proved that the class of minimal super-conformal surfaces is characterized by the 
equalities 

(4.1) x^ -k = 0; - = 0. 

Without loss of generality we assume that the meridian m is given by 

f = u; 

9 = g{u). 

Then, from (3.3) we obtain that the functions vi, U2, /i are expressed by the function g{u) and its 
derivatives as follows: 

.^2) ,y = "3" ^ ^ 13^9 - <y^ug' _ a^{g - ug') 



Now, using (2.2), (4.1) and (4.2) we get that the general rotational surface Ai^, given by (3.1), 
is minimal super-conformal if and only if g{u) satisfies the equation: 

(4.3) a/3{g - ug') = e{a\g' - /3'g), e = ±1. 

All solutions of equation (4.3) are given by 

g{u) = cu^", c = const. 

Thus we obtained that the class of all minimal super-conformal general rotational surfaces is 
described as follows: 

Proposition 4.1. Let he a general rotational surface in M^. Then M.^ is minimal super- 
conformal if and only if the meridian is determined by 

g{u) = cu'^^, c = const. 

Denoting by A; = e— (k ^ ±1), we obtain that all minimal super-conformal general rotational 

a 

surfaces are given by 

A^^ : z{u,v) = (^ucosav, m sin aw, cu'^ cos f3v, cu^ sin (3v) . 

The invariants k, x and K of Ai^ are expressed as follows: 

c^k^l - k^u^'^-^^ c^k^n-kW^''-^^ c2A;2(l - fc) 
A; = 4 ^ tt; x = 2e ^ 5-: K = -2 ^ 5-. 

(1 +C2A;2 1^2(^-1))*' (l + c2FM2(fc-l))3 + ^2^ M2(fc-1))3 
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